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Binary mixtures with significant size ratios are scarcely studied. Yet, contaminants of
chromatographic columns or ion-exchange resins have size ratios of δ < 0.1. Binary mixtures of
glass beads with δ ) 0.1-0.0375 were used experimentally to measure packing porosity.
Simultaneously, a significant number of published data was analyzed. A linear mixing model
was adopted to predict the porosity of each particle fraction in the binary mixture. Deviations
from the model may be caused by wedging of small particles between the large ones. Large
particles may disturb the porous medium properties by inducing a wall effect over the small
particles. Wedging analysis led to the conclusion that, for δ < 0.01, its effect is insignificant.
The wall effect yields an additional void around the large particles as long as δ > 0.0035. For
δ < 0.0035, the small particles form a monosized dense packing and both wedging and wall
effects become negligible.

1. Introduction
Models of fluid flow or mass transfer in porous media

need to establish relationships of packed-bed porosity
with permeability or diffusivity.1,2 In solid-liquid sepa-
ration, for instance, cakes formed in filtration are often
represented by their composition in coarse and fine
particles.

Depending on packing conditions, it is possible to
obtain either a regular packing of monosized spheres
or a random packing.3,4 Regular packing beds are
associated with a fixed coordination number (Nc), which
is defined as the number of contacts of each sphere with
neighboring spheres.3,5

The packing density becomes less predictable for a
random arrangement of spheres, where the coordination
number is defined as the average value for all particles.
The same procedure used to obtain a homogeneous
monosized particle packing may produce a packing of
different porosity when particles with different sizes6,7

are used. Even when only two sphere sizes are used,
porosity and permeability will be dependent on the size
ratio between spheres and on the volume fraction of
each type of sphere.

To clarify the relationship between packing porosity
and small particle size ratio (δ), binary mixtures of
spheres of different size will be investigated and ana-
lyzed in the present work.

2. Theoretical Background
Models of mixed particle-bed porosity versus the

fractional content and particle size ratio have been

described in many publications.4,8-19 However, devia-
tions of experimental data from theoretical prediction
induce the development of research to seek the causes
of these deviations.

A linear mixture model, which is applied for binary
packing when the ratio of small particle size (d) to large
particle size (D) is δ ) d/D f 0, is used in numerous
works.8-13,17,20 The overall porosity (ε) is presented in
the form of the product of fractional porosities: εD )
εD(xD) and εd ) εd(xD), where εD is the void fraction of
large particles in the total volume of the mixture and
εd is the specific void fraction of small particles in the
remaining void volume of the mixture. Because the
overall volume of solids in the mixture (1 - ε) is the
sum of the volumes of large particles (1 - εD) and those
of small particles ((1 - εd)εD), the porosity of the mixture
becomes2,21

Both εd and εD are functions of xD and are dependent
not only on εd, εD

0 , and δ, but also physical effects in the
mixture, namely, friction forces and the packing prepa-
ration method.

The fractional porosity of the large particle fraction
is defined as

The boundary conditions are as follows: when xD ) 0,
εD ) 1.0; if xD ) 1.0, then ε ) εD ≡ εD

0 .
The fractional porosity of the small-size particle

fraction may be obtained from eq 1:
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ε ) εdεD (1)

εD ) 1 - (1 - ε)xD (for εD ∈ [1, εD
0 ]) (2)
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The boundary conditions are as follows: if xD ) 0, then
ε ) εd ≡ εd

0; if xD ) 1.0, then εd ) 1.0. Using eqs 1 and
2, the following relation can be derived for the large-
particle volume fraction:

Now it is possible to derive formulas for the overall
porosity (eqs 5 and 6) and for fractional porosities (eqs
7 and 8):

Under the conditions εD ) εD
0 and εd ) εd

0, the system of
eqs 4-6 becomes

with a minimum porosity of εmin ) εd
0
εD

0 that corre-
sponds, at large-sized particle volume fractions, to

This system corresponds to the classic linear mix-
ing model, which has been developed by many au-
thors.8-10,13,17,22 Equations 9 and 10 represent the two
branches of the model, as depicted in Figure 1.

According to the linear model, the dependence of ε on
xD is represented by two equations. Equation 9 repre-
sents the dependence of ε on xD for mixtures enriched
with small particles; for clusters of small particles, the
porosity is assumed to be the same as the porosity εd

0 of
a monosized packing of small particles. Equation 10
represents the dependence for mixtures enriched with
large particles. The intersection point of the two func-
tions (xD ) xD,min) corresponds to a mixture where the
amount of large particles is enough to build up a
skeleton in the packing.

Transition from the model to the real binary packing
system, when the particle size ratio δ ) d/D is consid-
ered as a variable, requires the use of some correction
functions, because of a variety of possible particle
arrangements. Correction functions appear as a result
of curve-fitting procedures.2,8,10,17,20,23-31

The particle composition, size ratio, and the packing
method affect the properties of mixed beds.2,12,25,26 There
are, in the literature, several examples of reliable
packing procedures, such as (i) mixing in a cylindrical
vessel rotating about its axis and rocking around the
vertical axis;27 (ii) blending the desired proportions in
an agitated flask;7 (iii) adding premixed particles into
a vessel with water;19 (iv) portion mixing and whole-
bed packing procedures;28 (v) different variants of shak-
ing a vessel in a circular, and end-over-end fashion,
tipped or slowly rotated about its axis,29 etc.

A packing procedure may result in a stable homoge-
neous packing or may cause a segregation effect.30-33

All these facts explain why several authors have incor-
porated correction functions into eqs 1 and 2 in different
forms.8,11,22,34

When the particle size ratio is in the range of
moderate values, viz, 0.1 < δ < 1.0, the interaction
between fractions becomes more pronounced. By ana-
lyzing the random packing structure, Yu and Standish17

found that, depending on the value of δ, two packing
mechanisms are involved. One is a filling mechanism
and the other is an occupation (or mixing) mechanism
that acts between particles with small size differences.
Based on this approach, the linear-mixture packing
model was developed with the incorporation of interac-
tion functions, generally represented by experimentally
determined polynomial or power-law functions.13,35,36

This brief outline leads shows that, generally, two
types of model dependence of ε on xD are proposed: the
discontinuity model, when the minimum porosity εmin

εd ) ε

εD
) ε

1 - (1 - ε)xD
(for εd ∈ [1, εd

0]) (3)

xD )
1 - εD

1 - ε
)

1 - εD

1 - εdεD
(4)

ε ) εDεd )
εd(1 - xD)
1 - εdεD

(5)

ε ) 1 -
1 - εD

xD
(6)

εd )
εD + xD - 1

εDxD
(7)

εD )
1 - xD

1 - εdxD
(8)

ε ) εd
0( 1 - xD

1 - xDεd
0) (for xD ∈ [0, xD,min]) (9)

ε ) 1 -
1 - εD

0

xD
(for xD ∈ [xD,min, 1]) (10)

xD,min )
1 - εD

0

1 - εd
0
εD

0
(11)

Figure 1. (a) Comparison of the dependence ε vs xD obtained with
different correction function models: data from Mota et al.2 (curve
1), data from Caglioti et al.32 (curve 2), data from Finkers and
Hoffmann36 (curve 3), and data from Abe and Hirosue22 (curve 4).
(b) Normalized porosity ε/ε0 for data sets of Yu et al.13 Curves 1-3
correspond to the model of Mota et al.2 Curve 6 is the boundary
limit at δ f 0, eqs 1 and 2.
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is obtained by the intersection of eqs 9 and 10, and the
continuity model, with a smooth porosity transition in
the region of εmin.

The choice of a continuity or discontinuity model will
result in a smooth or broken curve with an intersection
point in the region of minimum porosity (see Figure 1).
In Figure 1a, the experimentally determined porosity
of a binary glass bead mixture of D/d ) 10.22 (indicated
by the data points, which were taken from Mota et al.2)
is shown, together with the calculated porosity using
different correction functions.2,22,35,36

In Figure 1b, a normalized porosity (ε/ε0) is shown for
data sets of Yu et al.,13 where ε0 ) εD

0 ) εd
0 are values of

ε0 that correspond to those referenced in the quoted
literature. It can be seen that, with decreasing δ, the
smooth transition of minimum porosity (curves 1-3)
may become an intersection point (data sets 4 and 5),
because the filling mechanism of packing becomes
predominant. Note that the left part of ε(xD) deviates
significantly from the theoretical expectation; this fact
was observed in numerous publications,8,10,12 and sev-
eral authors explain the deviation with the occurrence
of an interparticle wall effect.

The major problem that must be overcome in the
attempts to obtain a generalized porosity model of
granular beds is the change of the porous system
internal scale37,38 in the direction of δ from 1.0 to 0. Two
scale effects are reported: (i) the porous media proper-
ties change whenever the small-particle size ratio δ
becomes moderate, and (ii) the porosity fluctuation is
due to a wall effect, which is estimated to cause
disturbances at a distance of 4-5 sphere diameters
away from the wall.39 The wall-effect concept in the
binary packing was discussed in numerous publica-
tions;9,12,40,41 however, the effect of each particle fraction
on the overall porosity ε has not been investigated very
much, especially for δ < 0.1.

The linear model of the binary mixture will be used
below to analyze the influence of each particle fraction
on ε over the entire range of xD values, by means of a
fractional porosity approach developed in previous
research.2,20,21,42 As was mentioned, the intersection
point of the two branches corresponds to a mixture
where the amount of large particles (xD ) xD,min) is large
enough to build up the supporting skeleton for the
smaller particles. This implies that a sequential mixing
procedure is used. In turn, when a mixing procedure is
applied to the entire binary mixture, another scenario
is possible. Small particles are then able to wedge in
the skeleton of large particles, resulting in an increase
in fractional porosities (see Figure 2). In this case, the
overall porosity would be higher than the estimated
value by εmin ) εd

0
εD

0 . A good mixing is expectable for

moderate values of δ. Mixing quality decreases for δ ,
1.0 (see Figure 1b).

Wall and wedging effects have not yet been studied
in detail for small size ratios. This is rather important,
for instance, to predict behavior of contaminants in ion-
exchange resins. The correct representation of the
porosity in this range will give more-accurate predic-
tions for the packing permeability.2

As was mentioned previously, depending on δ, two
packing mechanisms are involved in packed-bed struc-
ture formation:17 a filling mechanism and an occupation
(or mixing) mechanism that acts between particles with
small differences in size. These two mechanisms act in
such a way that three different situations may occur at
moderate δ values:

(1) For mixtures enriched with small particles, where
xD < 0.65, the amount of large particles is not enough
to build up a support skeleton inside the mixture. The
mixing procedure does not affect porosity significantly.

(2) The region of minimum porosity, 0.65 < xD < 0.75,
corresponds to “flooded” beds. Beds can undergo rear-
rangements, depending on the mixing procedure. When
the mixing is done by particle displacement and rota-
tion, small particles are able to wedge between large
particles of the skeleton and the overall bed porosity
may increase.

(3) Mixtures with a high fraction of large particles,
xD > 0.75. In this case, the formation of the large particle
skeleton is easily observed when the particle size ratio
is δ < 0.2. The smaller particles fill the skeleton void,
and beds with stable porosity are obtained.

The small-particle wedging phenomenon is illustrated
with data displayed in Table 1. These experimental data
for D/d ) 10.22 (δ ) 0.098) and xD ) 0.75 were obtained
during tests on packing procedures used in the previous
work of Mota et al.2 Nonagitated mixtures were simply
tapped. As may be observed, the overall porosity, as well
as εD and εd, increased in agitated mixtures when small
particles wedged into the large-particle skeleton.

This example shows that, in the region around
minimum porosity, the instability of small and large
particle arrangement may be a reason for the appear-
ance of a diversity of binary packing arrangements and
for the different ε curves reported in the literature.

When the ratio δ is small enough to allow small
particles to penetrate freely into the skeleton void, the
skeleton is kept fixed, down to xD,min. However, when
the volume fraction of the large particle xD is below the
critical value xD,min, different packing mechanisms begin
to work. There are three possibilities: (i) a uniform
distribution of large particles in the mixture volume,
(ii) the skeleton remains a loose packing until it reaches
a stable condition, and (iii) large particles spread
throughout the mixture in the form of clusters. With
all the implications herewith discussed, experimenta-
tion, modeling, and detailed analysis will be performed
in the following discussions.

3. Materials and Methods

Binary mixtures of glass beads were used in all
experiments included in the present work. Beads with

Figure 2. Schematic representation of the arrangement of small
particles between large particles: (a) small particles fill the free
space between skeleton particles. (b) small particles wedge in the
skeleton of large particles.

Table 1. Effect of Mixing Procedure on Bed Porosity

Value

porosity nonagitated mixture agitated mixture

εD 0.444 0.483
εd 0.586 0.65
ε 0.26 0.314
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average diameters of 2, 3, and 4 mm were obtained from
Simax. The smaller bead sizes came from Sigmund
Lindner: the first with an average diameter of 0.375
mm, the second with an average diameter of 0.875 mm,
and the last one with an average diameter of 0.15 mm.
The particle density was 2500 kg/m3 in every case.

Based on a preliminary investigation, it was found
out that the most suitable method to be applied under
the defined experimental conditions is similar to that
described by Mills et al.43 Briefly, the procedure includes
mixing the glass beads in the chosen proportion with a
glycerol aqueous solution, filling the column, packing
the column, and washing the glycerol out, followed by
a checkup by means of image analysis of the particle
fractions distribution in the column. The square column
used in experiments had inner side dimensions of 5 cm
and a height of 40 cm. The square design was chosen
to control, by automated image analysis, the homogene-
ity of the particle distribution. A previous work44

showed, by applying a ø2 test, that the square column
used did not create wall effects. A square wire cloth from
Haver & Boecker, with an aperture width of 0.032 mm,
was used as layer support. The packing height in all
the experiments remained at 10-15 cm. Mixtures with
a particle size ratio of D/d ) 13.3, 20, and 26.7 (δ )
0.075, 0.05, and 0.0375, respectively) were investigated.
Experimentation with D/d ) 10.22 (i.e., δ ) 0.098) was
borrowed from a previous work.2 This means that four
sets of experiments, covering the range of xD ) 0-1.0,
could be obtained for binary packed beds with δ < 0.1.

Porosity was always determined experimentally by
filling the porous bed with water, which then was
weighed. The experimental points shown in the figures
below are the result of the average of three independent
assays.

4. Results and Discussion

4.1. Porosity. The applied packing procedure allowed
us to obtain a packing for small particles with εd

0 )
0.371; however, for large-sized beads, the porosity was
εD

0 ) 0.4. In Figure 3, the measured porosity of binary
packing with D/d ) 10.22, 13.3, 20, and 26.7 (corre-
sponding to δ ) 0.098, 0.075, 0.05, and 0.0375, respec-
tively) is shown.

Experimental data show two types of porosity behav-
ior: at the region δ g 0.1, a smooth transition in the
region of minimum porosity is observed. For lower δ

values, the porosity trend follows the linear model. This
behavior is observed in numerous works.4,8-10,12-19 It is
possible to characterize the region of minimum porosity
as a transition of the filing mechanism, because, for xD
> 0.4, a skeleton of large particles is, more or less, filled
with small particles. Furthermore, an internal wall
effect in small particle arrangement around the large
particles is noticeable for xD > 0.4. A well-known
condition to obtain a homogeneous monosized packing
in a vessel41,45-48 is that the ratio between particle size
and the vessel diameter must be >10.

For small δ, fractional porosities follow the linear
model; however, in the range of minimum porosity, they
are still far from the model prediction. In regard to εD,
the reason for deviation from boundary conditions is the
wedging effect, whereas, for εD, it is the interfractional
wall effect.

For δ < 0.1, an approach similar to that used by Mota
et al.2 was used, i.e., a correction function was applied.
In the ideal case, a correlation function may be based
on eq 5, considering the form ε ) ε(εd

0,xD)‚æ(δ,xD),
where æ(δ,xD) is a correction function. A linear depen-
dence was obtained in the coordinates ln(εexp/εδ)0) vs

xD
1/xδ (Figure 4), where εexp is the experimental poros-

ity.
The best result was obtained for a correction function

of the form

Hence, the corrected equation will be

which is valid for xD e xD,min.
Application of the correction function (eq 13) gives

good results (Figure 5), up to the minimum porosity
composition. The model describes the porosity in the size
ratio of the experiments well. When δ approaches zero
(æ(δ) f 1.0), the model creates the “ideal” curve that is
given by eq 5. The validity of this correction function
can be accepted for δ e 0.1.

4.2. Minimum Porosity. The porosity εmin decreases
when the size ratio increases and converges to the

Figure 3. Measured ε for different D/d values. For curve 1, D/d
) 10.22, εD

0 ) εd
0 ) 0.4, and the model curve (from Mota et al.2).

For curve 2, the limit is defined by eqs 1 and 2 (δ f 0) for εd
0 )

0.371 and εD
0 ) 0.4.

Figure 4. Dependence of ln(εexp/εδ)0) on xD
1/xδ for εd

0 ) 0.371
and D/d ) 13.3, 20.0, and 26.7. Points represent experimental
data. Correlation coefficient is 0.993.

æ(δ,xD) ) exp(1.2264xD
1/xδ) ) exp(1.2264xD

xD/d)
(12)

ε )
εd

0(1 - xD) exp(1.2264xD
1/xδ)

1 - εd
0xD

(13)
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absolute minimal value (εMin) for D/d f ∞. When D/d
f ∞ (δ f 0), the displacement or distortion effects of
each particle fraction on fractional porosities becomes
insignificant. Hence, the absolute minimal porosity is

Because the packing procedure more or less induces a
wall effect, the real average porosity of small particle
packing at xD,min is εd,s

0 g εd
0. For the wedging effect, the

large-particle skeleton porosity is εD,s
0 g εD

0 and the
minimum porosity is εmin g εMin. Equation 14 can be
used to estimate the minimum porosity at xD,min, which
is calculated from eq 8 by replacing εD

0 with εD,s
0 and by

replacing εd
0 with εd,s

0 :

Experimental values of the minimum porosity, in
regard to previous measurements and current experi-
ments, are shown in Figure 6 (open circles denote data
for εD

0 ) 0.4 and εd
0 ) 0.4, from Mota et al.,2 and solid

circles represent data for εD
0 ) 0.4 and εd

0 ) 0.371),
together with data calculated using eq 15 for different

conditions. To distinguish real fractional porosities
(εD,s

0 , εd,s
0 ) from absolute porosities (εD

0 , εd
0), all values

were used in eq 15 to obtain curves 1 and 2 and 1’ and
2’, respectively (see Figure 6).

As can be observed, eq 15 underestimates the mini-
mum porosity of the experimental data when the
absolute values of εD

0 , εd
0 are used (see curves 1’ and 2’).

This fact leads to the conclusion that, even at δ )
0.0375, the measured fractional porosity deviates from
the values εD

0 and εd
0. It is useful to analyze, for dense

and loose packing, the dependence of εmin on δ reported
by several literature sources. Figure 7 represents a data
collection that contains current research data, as well
as data that has been gathered from different re-
searchers,2,13,17,19,21,34,48-50 including the present au-
thors.

It can be seen that the experimental data are rather
divergent. Assuming that, for monosized packing (δ )
1.0), the porosity is likely to be in the range of 0.36-
0.4, Figure 7 may help to establish bounds for εmin
variation in cases of loose and dense packing, for a wide
range of δ. For loose packing, a good approximation is
given by eq 15 (curves 1 and 2). For dense packing, the
formula described in Liu and Ha51 and presented below,

was used, where εMin is represented by eq 15.
In Figure 7, eq 16 was used for εMin ) 0.15 and εd

0 )
0.375; this plot is shown as curve 3. Assuming εD

0 ) εd
0

) 0.36-0.4, a dense packing region that is bounded by
curves 4 and 5 is obtained. The experimental data in
Figure 7 clearly differentiate zones for δ related with
specific packing mechanisms. One of the possible effects
on the packing is the so-called wall effect.45 When tiny
particles are close to large ones, large-sized particles act
as a wall. The disturbance that is induced by the wall
effect generated by the large particles may explain the

Figure 5. Comparison of the experimental porosity with the
model defined in ref 12: curve 1, D/d ) 5.32; curve 2, D/d ) 10.22;
curve 3, D/d ) 13.3; curve 4, D/d ) 20; curve 5, D/d ) 26.7; and
curve 6, data obtained using eq 5.

Figure 6. Dependence of εmin on δ. Solid circles represent current
measurements, and open circles represent data reported by Mota
et al.;2 curves represent data obtained using eq 15: 1,1′, data
obtained from Mota et al.2 (for curve 1, εD,s

0 ) 0.41, εd,s
0 ) 0.41; for

curve 1′, εD
0 ) 0.4, εd

0 ) 0.4; 2,2′, current measurements (for curve
2, εD,s

0 ) 0.4, εd,s
0 ) 0.39; for curve 2′, εD

0 ) 0.4, εd
0 ) 0.371).

εMin ) εD
0
εd

0 (14)

εmin )
εd,s

0 (1 - xD,min) exp(1.2264xD
1/xδ)

1 - εd,s
0 xD,min

(15)

Figure 7. Dependence of εmin on δ. Experimental data: 1, current
measurements; 2, data from Mota et al.;2 3, data from Liu and
Ha;51 4, data from Yu et al.;50 5, data from Yu et al.;13 6, data
from Yu and Standish;17 7, data from MacDonald et al.;19 8, data
from Ouchiyama and Tanaka;34 9, data from Yu and Standish;24

and 10, data from Milewski.49 Curves: curve 1, data obtained
using eq 15 and εD,s

0 ) εd,s
0 ) 0.41; curve 2, data obtained using eq

15, εD,s
0 ) 0.4, and εd,s

0 ) 0.38; curve 3, data obtained using eq 16
for εMin ) 0.15 and εd

0 ) 0.375;51 curve 4, data obtained using eq
16, εMin ) 0.16, and εd

0 ) 0.4;51 and curve 5, data obtained using
eq 16, εMin ) 0.1296, and εd

0 ) 0.36.51 (See text for an explanation
of arrowed features A-C.)

εmin ) εMin + (εd
0 - εMin) exp[0.25(1 - 1

δ)] (16)
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overall porosity dependence on particle size ratio, as will
be seen below.

4.3. Disturbance Effect of Small Particles. Usu-
ally, as Perry et al. reported,45 the wall effect propagates
up to a distance of 4-5 sphere diameters from the wall.
Pilotti,52 using a three-dimensional simulation of porous
media of different-sized spherical particles, showed the
presence of an additional void in the vicinity of the large
particles. This surplus void dominates in the range of δ
) 0.0667-0.333, in accordance with data from Figure
7.

The distribution of glass particles around tubes was
investigated by Schneider and Rippin,53 who showed
that, when the distance between tubes decreases, poros-
ity fluctuation increases with the increasing number of
tubes. Accordingly, wall disturbances in binary mixtures
will be dependent on the ratio of small particles d to
the pore throat diameter of the large particles skeleton
(Dth).

The ratio of small-sized particles d to the pore throat
diameter Dth of the skeleton formed by large particles
is54

The predominant porosity is εD
0 ) 0.4; therefore, all

estimations made below will adopt this standard figure
but may be easily extended to any other εD

0 values.
The boundary condition for small particles to pene-

trate the large particle skeleton freely is d/Dth ) 0.5.
At d/Dth > 0.5, two beads coincide in crossing the same
pore throat and complete filling is hindered. Putting this
value into eq 17 results in δ e 0.207. On the other hand,
for d/Dth e 0.25, the size ratio becomes δ e 0.1 (see
arrowed features “B” and “C”, respectively, in Figure
7).

For 0.25 < d/Dth < 0.5, the effect of the void shape on
small particles arrangement may be important and the
filling mechanism might fail. The filling mechanism is
dominant for δ < 0.1. This estimation correlates with
the observations reported for systems that consisted of
layers of different-sized particles.55

The following lines will be devoted to analyze the wall
effect. Using a distance of 4-5 bead diameters from the
wall, according to Perry et al.,45 a cubic packing of large
spherical particles D is assumed and, for the porous
media irregularity scale, a value of x ) 5d is observed.
The ratio of solids volume to the skeleton void is equal
to (1 - εD

0 )/εD
0 ≈ 1.5, where εD

0 ) 0.4. Replacing the void
volume in the model with a cube of equal volume with
a side dimension expressed by the scale of the irregular-
ity zone x gives πD3/6 ) 1.5(xm)3 ) 1.5(5dm)3, or, by
replacing d/D with δ,

where m is the number of the scale units (m g 2). For
m < 2, the irregularity zones are interfering with each
other and the entire volume of small particles will be
involved in the wall effect.

Because the fraction of nondisturbed length in the
porous medium of small particle is η ) (m - 2)/m, or

from eq 19 follows the relation

Adopting εD
0 ) 0.36, which is closer to the real packing

value, the relationship given in eq 20 gives δ ≈ 0.066(1
- η). For εD

0 ) 0.4, values of δ, as determined by eq 20,
are as follow: for η ) 0.1, δ ) 0.063; for η ) 0.5, δ )
0.035; for η ) 0.90, δ ) 0.007, and for η ) 0.95, δ )
0.0035. For a totally disturbed fraction, η ) 0 and the
ratio is δ ) 0.07. In turn, for δ < 0.0035, the wall effect
becomes negligible (η < 0.95).

The remaining disturbing effect on packed bedss
wedgingswill now be examined. Wedging is likely to
occur whenever packed beds need to be washed or
regenerated (e.g., ion-exchange resins). The countercur-
rent flow expands or fluidizes the bed and rearrange-
ments occur. The limit situation occurs when every
single large particle is kept apart from its neighbors,
being sustained in that position by a minimum number
of small beads. The necessary and sufficient number of
small beads is the coordination number of the packing.
For a cubic packing, the coordination number is Nc )
6. Therefore, the increase in the void volume will be
achieved by only six small beads, with a negligible solid
volume. The volume after wedging will be

After neglecting the higher-order terms that result from
the development of the cubic expression, the following
equation is obtained:

The ratio between the new volume and the original
volume will be

The increase in porosity fraction due to wedging will
be, at most, 5δ. Table 2 displays a set of results for
different δ values.

It is unlikely that this increase occurs to this extent,
because it would mean that small beads would be
segregated from the packing. It is worthy of note that
wedging is probably less disturbing than the wall effect,
because the latter starts to be significantsmore than
5% disturbancesfrom δ g 0.0035. It also is interesting
to note that, in the range of 0.01 e δ e 0.07, both
mechanisms have a significant impact on the porosity
of the medium.

5. Conclusion

The arrangement of large- and small-sized particles
in a binary mixture is determinant for the overall
porosity: small particles affect the large particles by

d
Dth

)
δ(1 - εD

0 )

0.62εD
0

(17)

δ ) 0.14
m

(18)

m ) 2
1 - η

(19)

δ ) 0.07(1 - η) (20)

V′ ) π
6

(D + 2δD)3 (21)

V′ ) (πD3)(1 + 5δ
6 ) (22)

V′
V

) 1 + 5δ (23)

Table 2. Maximum Increase in Porosity by Wedging for
Different Size Ratios

δ increase in porosity (%)

0.01 5
0.02 10
0.035 17.5
0.1 50

Ind. Eng. Chem. Res., Vol. 43, No. 24, 2004 7917



displacement and wedging, whereas large particles
affect the small particles by the wall effect near their
own surface. The outcome of mentioned effects is de-
pendent on the packing procedure that will, in turn,
result in the different correction functions used in
numerous models.

According to the estimations given above, five regions
on the dependence of εmin versus δ can be identified:

(1) A region of δ > 0.41, where a displacement mech-
anism occurs (see arrowed feature marked “A” in Figure
7).

(2) A region where the linear mixing model is valid
(δ ≈ 0.2; see arrowed feature marked “B” in Figure 7).

(3) A region where small particles completely fill the
skeleton void (0.01 < δ < 0.2; see arrowed feature
marked “C” in Figure 7). In this region, the wall effect
and wedging might occur at the same time. This
phenomenon may occur during the washing and regen-
eration of chromatographic and ion-exchange columns.

(4) A region of small particles arrangement, where
0.0035 < δ < 0.01. In this case, there will be no
significant wedging, but the wall effect is still disturb-
ing.

(5) A region of small particles arrangement, where δ
< 0.0035. In this case, neither the wall effect nor
wedging are significant and the small particles can
totally invade the internal void space between large
particles.

The developed approach is useful to understand
binary mixtures and shows that the approach based on
the fractional porosity εD(xD) and εd(xD) may be a
powerful tool to control the overall porosity, giving a new
insight on mixture structure and reasonable explana-
tions for the different types of the porosity behavior in
the region of the minimum porosity.
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Nomenclature

Symbols

a ) correction coefficient for εd
0 in the binary packing

D ) diameter of large particles (m)
d ) diameter of small particles (m)
dav ) average particle diameter in the mixture (m)
Dpor ) pore diameter (m)
Dth ) throat diameter (m)
L ) bed thickness (m)
Le ) average pathway length in the bed (m)
m ) number of the scale units to induce disturbance wall

effect
x ) irregularity scale
xD ) volume fraction of large particles in the total volume

of particles in the mixture
xD,min ) volume fraction of large particles corresponds to

the minimum mixture porosity

Greek Letters

ε ) overall porosity of a mixed bed
εD ) fractional porosity of the large-sized particle fraction

εd ) fractional porosity of the small-sized particle fraction
εMin ) absolute minimum porosity
εmin ) minimal porosity of a mixed bed
εD

0 ) porosity of a uniform bed of large particles
εd

0 ) porosity of a uniform bed of small particles
εD,s

0 ) large-particle skeleton porosity at the point of
minimum porosity in the case of a

wedging effect
εd,s

0 ) small-sized particle packing porosity in the skeleton
void

δ ) particle size ratio, δ ) d/D
η ) fraction of nondisturbed length of the porous medium,

η ) (m - 2)/m
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strömungen; Verlag Sauerländer: Aarau, Germany, 1971.

(11) Ouchiyama, N.; Tanaka, T. Porosity of Mass of Solid
Particles Having a Range of Sizes. Ind. Eng. Chem. Fundam. 1981,
20 (1), 66-71.

(12) Le Goff, P.; Leclerc, D.; Dodds, J. The Structure of Packed
Beds: Continuity of Research in Nancy and Some New Results.
Powder Technol. 1985, 42, 47-53.

(13) Yu, A. B.; Zou, R. P.; Standish, N. Modifying the Linear
Packing Model for Predicting the Porosity of Nonspherical Particle
Mixtures. Ind. Eng. Chem. Res. 1996, 35 (10), 3730-3741.

(14) Hulewicz, Z. Z. Resistance to Flow through a Granular Bed
in the Laminar Regime. I. Derivation of a New Correlating
Equation. Int. Chem. Eng. 1987, 27 (3), 566-573.

(15) Gotoh, K.; Chuba, T.; Suzuki, A. Computer Simulation of
Weight Distributions of Spherical-Particle Beds on the Bottom of
a Container. Int. Chem. Eng. 1982, 22 (1), 107-115.

(16) Kuramae, M. Investigation of Unsaturated Liquid Flow
in a Granular Bed Using a Cubic-Lattice Pore Model. Int. Chem.
Eng. 1982, 22 (4), 666-673.

(17) Yu, A. B.; Standish, N. Estimation of the Porosity of
Particle Mixtures by a Linear-Mixture Packing Model. Ind. Eng.
Chem. Res. 1991, 30 (6), 1372-1385.
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